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ues by Natale and Rudnick? and by Dugdale and
Gugan.'® There is a significant discrepancy be-
tween the two sets of experimental values. In Fig.
4, we plot p, obtained, as described above, from
the ultrasonic attenuation at three different fre-
quencies and compare it with the measured p.
Here, we have used the value of the conversion
factor C [Eq. (9)] in Table II under the column
“Expt.” In Table III, we list the ratio of 7,/7,
from experimental measurements.

The temperature dependence of the measured
T,/ T, roughly follows the theoretical prediction.
It is small at low temperature, rises to a maxi-
mum in the neighborhood of about 8 °K and then
diminishes slightly. However, even taking the
largest calculated set of 7,/7;, which comes from
Bardeen’s electron-phonon matrix element, and
allowing for the uncertainty in the experimental
values due to the uncertainty in the elastic con-

stants of the polycrystal, we find that there is
significant disagreement. This discrepancy can-
not be ascribed to many-body effects since the
attenuation formula which we have used correctly
includes all such effects, nor can the discrepancy
be ascribed to uncertainties in the phonon spec-
trum since we have used the phonon frequencies
measured at 9 °K by Cowley et al.!® It would clear-
ly be desirable to have more measurements of the
ultrasonic attenuation and electrical resistivity at
low temperatures, preferably on single crystals,
in a number of simple metals. Should the discrep-
ancy persist between the calculated and experi-
mental values, we may have to question the valid-
ity of our Kohler solution of the transport equation
and the concomitant Matthiessen’s rule and, per-
haps, also the equivalence of the pseudopotentials
needed to fit the Fermi surface and the transport
coefficients.
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An expression is given for the potential energy seen by an electron near a crystal surface in-
cluding both potential periodicity and exchange and correlation effects among electrons. The
possible usage of such a function for determining wave functions and charge distributions is

discussed.
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1. INTRODUCTION

The solution to the wave mechanical problem
describing electrons near solid surfaces has been
sought for a number of years. For semiconduc-
tors and a few problems dealing with metals, the
concept of the step truncation of the bulk potential-
energy function has become a useful approximation
in discussion of interface and surface effects.’
Most surface properties of metals, however, are
considerably more complicated. Bardeen® was
the first to discuss the quantum-mechanical de-
tails of the solution to this problem. Other au-
thors® * share with Bardeen the assumption that
the solid is adequately represented by a model
with free electrons in a smeared-out background
of positive charge, which background simply dis-
appears at the surface. All of these authors have
recognized the importance of the many-electron
exchange and correlation contributions to the sur-
face potential-energy function. Smith,® Lang,® and
Bennett and Duke” have recently published a self-
consistent calculation of the charge distribution at
a metallic interface; they also use the “jellium”
model for the metals.

There is a class of problems for which previous
models are of limited use. For example, the
electronic charge “redistribution” responsible for
the formation of surface double layers is very de-
pendent upon the arrangement of positive charge
centers in the surface planes.® It is also clear
that the potential periodicity in the surface plane
will be critically important in discussing the bond-
ing or interaction of a foreign atom with that plane.
It is not obvious, at the present time, how to carry
out a complete calculation of surface charge dis-
tributions including fully both crystallinity (i.e.,
potential periodicity over a half-space) and ex-
change and correlation effects. Thus this paper
takes the following viewpoint: An expression is
sought for the potential energy that an electron
sees at a surface; it is desirable to include fully
the effect of solid crystallinity and to include, in
the best way possible, the effects of electron-elec-
tron exchange and correlation. This is exactly
opposite from the viewpoint taken by others®’ who
include the electron-electron effects in the best
way possible and approximate the effects of the
periodic lattice by ignoring them completely.

II. SURFACE MODEL AND ITS POTENTIAL-ENERGY
FUNCTION

Consider a solid made up of N+ 1 layers, each
of which is infinite in extent. Suppose the set of
potential-energy functions describing the interac-
tions of an electron with each lattice site are
given. The problem is to compute an expression
for the total potential-energy function which is
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valid throughout all space. Although not required,
the discussion is simplified by restricting attention
to a set of identical, attractive potential wells cen-
tered on each site with a given number of electrons
per site in the solid. Further, consider that the
spacing of ion sites is the same near the surface
as in the bulk; removal of this restriction will be
discussed later.

The total interaction of an electron with the ion
cores can be written as

V,R)=2, VR-R,), (1)

where ﬁs is the position vector of the sth site and
the sum is over potentials centered at each site in
the solid. The Fourier transform of this is

V&) -0t [RI, VR-R,) e K T, (2)

where § is the volume of a box in which the Fou-
rier transformation is done. Rewritting,

V&) =01X, % [aR-R,)

xVE-&,) oK R=F) (3)

And using the fact that each V is the same,
V(@ = @1 B, et EFs y(®) (4)
=01 S(K) V(K) ; (5)

S(K) is called a structure factor.

It is in this representation that one usually seeks
to include the effects of the other conduction elec-
trons by means of a static dielectric function,®
The total potential energy is written

Vr® =21s® V(R /e ; (6)

such an approximation has been very useful and
successful in solid-state physics. There are many
different approximations to €, and one could con-
ceivably use the “best” one.!®

It is desired to compute

VR =[0/(2n?] [ dke' X FV,(R). (7
First consider
S® =2, 'K Fs (8)

Let reciprocal space be spanned by unit vectors
such that two of them lie in the plane of the surface
and one is normal to it. Breaking the sum into
two parts

- N " ~ ‘KR
S(K) = lz_oe-u?-z,n T iR R (9)
= a

Z, is the depth of the /th layer, # is the normal
to the surface, r,(I) describes the position of the
ath atom in the /th layer. For the most common
crystal types and for the low rational-index faces
of these, it is sufficient to write

F 1) =F, +1d; (10)
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here d is the displacement of a given atom in going
from the (I- 1)th to Zth layer plane. This simpli-
fies and makes definite the mathematics to follow,
although there is no requirement that a crystal be

of this type. Substituting
- N = o 4 2 = .-
S(K) = 25 e 18 (2 15 prikeTq (11)
1=0 a

it is well known!! that

Z:a e-’x.;a=Na ’ if §=au

. (12)
=0(1/N,), otherwise

where c'i,. is a reciprocal-lattice vector of the two-
dimensional net planes of N, atoms,

S(K,,d,) =N, Z} 0 2t 1 D) (13

For layers equally spaced with spacing c,

Z,=lc, (19)
so that
- XYoo 2o
S(Kz,qu):Na Ze-ll(l{.ac q,°d) , (15)
1=0

~iN(K,c*+q,+d)
- z I (
. 16)
l_e-i(Kgc*a"-?i)

S(sz au) =N,
Thus Eq. (7) becomes
VAR =Ty L [ ak, e
T T g, 2T ). z €

1 1- e-uv(xzc*a.,.?n V(®)
X El "—1_ e_, (ch»,a”.?) G—:_(K) . (17)

The integral over dI_E,. has been converted into a
sum on discrete q,; A is the area of the unit two-
dimensional mesh, and L is the length of the crys-
tal. K, is not quantized by periodic boundary
conditions so the integral must be performed.

Examining the integrand for poles one finds the
structure factor to contain none, for its largest
value is N,(N+ 1) when the denommator vanishes.
Poles of V(K) /€ (K) depend on the precise analyti-
cal expression but suffice it to say at this point
that correct expressions contain no poles on the
real K, axis. One is then free to displace the path
of integration infinitesimally downward from the
real axis. Rewritting the integral as the sum of
two parts and rationalizing the denominator,

VT(R)- <Ea" ig, G +d/2)

*w0aib eil( (z+c/2)
x f a, — =Y
c0nil Sin(E(KzC +qy-d ))

A+ d /2N

V(K) - ‘;u
€ (K) + Eqn €

+w0-16 iK ez *c/2= Nc) T
x/ K, 2= - V(E)). (18)

sin(3 (K, c+q, -d)) €(K)

- -i8

Now besides the poles of V(K)/e(K) there are poles
in each integrand along the real axis at

K, =(1/0@m-g, -d), (19)

where 7 is an integer.

The integration contour can be closed in the up-
per half-plane for z > — 3¢ in the first integral and
for z>(N-1)c in the second. The contour can be
closed in the lower half-plane for z> 3¢ in the first
and for z< (N~ 3)c in the second. Call the poles
on the real axis B type (B for bulk) and other poles
S type (S for surface); the reason being that com-
plex K, poles will correspond to exponentially de-
caying contributions to the sum of residues, de-
caying from the surface at z=-% ¢ (S, type) or at
z=(N-3%)c (S type).'?

Consider three regions, and the contributions to
the integral in each: (i) Z< -3¢, Sp- and S, -type
contributions only; (ii) —3c<Z<(N+% )c, So=, Sz-,
and B-type contributions; (iii) Z> (W+3)e, Sp-
and S; -type contributions (the B type cancel). Be-
ing interested in the form of the potential in the
neighborhood of one surface at a time, it is pos-
sible to ignore the Sy -type contributions near the
surface at Z=-%¢. This is equivalent to ignoring
the second of the integrals in Eq. (18).

We have thus been successful in exhibiting a sur-
face in the model which occurs naturally at a plane
halfway between atom layers. The shape of the
potential-energy function near this plane is deter-
mined wholly by the poles of V(K)/e (K). In fact,
since V(K) itself has only a pole at K=0 which is
effectively eliminated by € (K), all of the structure
of the surface barrier through a given point ¥ in
the surface plane can be seen to arise from the
analytic form of € (K). This is important, for €
carries all of the information about exchange and
correlation effects which, it has been agreed,?”’
are responsible for the shape of the barrier.

III. USAGE AND DISCUSSION

The representation in which the above expres-
sion is most useful results from substituting the
expansion

% (B =2 w“" (2) & *an) o7 (20)

into the Schrddinger equation. The resulting ex-

pression is

2 kz - 3
0= (g a2 o) )
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+ D VA VG, (21)

Here k is the wave vector characterizing the elec-
tron’s momentum state parallel to the surface, E
is the energy, and

V(o) = (1/a) [ dff Vp@e o | (22)

@ is the area of the surface plane and T is the pro-
jection of R on that plane.

A numerical integration will produce the solu-
tion of the set of Eqs. (21); for this purpose it is
convenient tg think of the ¥g'(z) as forming a col-
umn vector Pz(z). The Schrdinger equation can
then be written (in a.u.) as

(23)

a form which has been studied,!?® and for which
numerical methods exist. ** It remains to discuss
the boundary conditions. If integration is begun at
a point inside the crystal where the surface terms
make practically no contribution to the potential,
the correct starting wave function will be the Bloch
state (or linear combination of Bloch states) at the
particular K and E of interest; there are always

at least two of them at +%,. It is necessary to
note further that the relative phase of the starting
Bloch functions is important, for the remaining
boundary condition is that the wave function go to
zero outside the crystal; thus the choice of phase
is not arbitrary. It should be recognized that
when using a perfect crystal as a model, the Bloch
wave state is only an approximation to the correct
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boundary condition, for the presence of a crystal
surface causes mixing among Bloch states; how-
ever this mixing is proportional to the surface ar-
ea to volume ratio and is usually neglected; in a
realistic model of a solid an electron approaching
a surface has no “memory” of its last sojourn in
that region and is correctly represented by a sin-
gle Bloch wave.

The ideal way of proceeding would be to use a
given potential to determine the conduction electron
wave functions, and c_(_)nseq_uently the charge den-
sity. Compute an € (K) based on this charge dis-
tribution, then recompute the wave functions, and
cycle to self-consistency. Calculations with this
in mind are now in progress.

It remains to comment on the possibility that
(i) the lattice spacing may be different from the
bulk in the last few atomic layers and (ii) that the
potential-energy functions centered at such sites
may be different. In such a situation, it would be
possible to sum the last few layers under discus-
sion as two-dimensional arrays and add them ap-
propriately to a term such as Eq. (18) for the
rest of the crystal. There may, however, exist
more convenient methods of handling this problem.

Note added in proof. One can effect the same
many-body approximations as Refs. 6 and 7 by
choosing in Eq. (6)

[e(R)]™ =1 4[V,, (K)+ Ve ®)] /7 (R);

V,, ) and V,,(K) are Fourier transforms of func-
tions defined by Lang.®
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